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Abstract
In this paper, we study the existence and uniqueness of fixed points for a new class of contractive mappings involving

rational expressions, which enable us to extend many known results in the literature. We consider illustrative example and
consequences to underline the novelty of the main results. c©2017 All rights reserved.
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1. Introduction and preliminaries

Throughout the paper, let N represent positive integers and N0 = N ∪ {0}. A mapping ϕ : [0,∞) →
[0,∞) is called a comparison function if it is increasing and ϕn(t) → 0, n → ∞ for any t ∈ [0,∞), where
n ∈ N. We denote by Φ, the class of the comparison functions ϕ : [0,∞) → [0,∞). For more details and
illustrative examples, we refer, e.g., [5, 22]. Among them, we recall the following essential result.

Lemma 1.1 ([5, 22]). If ϕ : [0,∞)→ [0,∞) is a comparison function, then:

(1) each iterate ϕk of ϕ, k > 1, is also a comparison function;

(2) ϕ is continuous at 0;

(3) ϕ(t) < t for any t > 0.

Let Ψ be the family of nondecreasing functions ψ : [0,∞) → [0,∞) so that
∞∑

n=1

ψn(t) < ∞ for each

t > 0, where ψn is the n-th iterate of ψ. It is clear that Φ ⊂ Ψ (see, e.g., [13]) and hence, by Lemma 1.1
(3), for ψ ∈ Ψ we have ψ(t) < t for any t > 0.

Recently, Samet et al. [24] introduced the following concept.
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Definition 1.2. Let (X,d) be a metric space, f : X −→ X be a given mapping and α : X×X −→ [0,∞). We
say that f is α-admissible if for all x,y ∈ X, we have

α(x,y) > 1 =⇒ α(f(x), f(y)) > 1.

Example 1.3. For X = R we define f : X −→ X and α : X×X −→ [0,∞) by f(x) =
x

3
and

α(x,y) =
{

3, if x > y,
0, otherwise,

respectively. Then f is α-admissible.

For some other examples concerning the class of α-admissible mappings, we can see [2, 3, 7, 9, 19, 24].

Definition 1.4. Let (X,d) be a metric space and f : X −→ X be a given mapping. We say that f is
α-ψ-contractive mapping if there exist two functions α : X×X −→ [0,∞) and ψ ∈ Ψ such that

α(x,y)d(f(x), f(y)) 6 ψ(d(x,y)).

The main results in [24] are the following fixed point theorems.

Theorem 1.5. Let (X,d) be a complete metric space and f : X −→ X be an α-ψ-contractive mapping. Suppose that

(i) f is α-admissible;

(ii) there exists x0 ∈ X such that α(x0, f(x0)) > 1;

(iii) f is continuous.

Then there exists u ∈ X such that f(u) = u.

We denote by Fix(f) the set of fixed points of f. For the uniqueness, we need the following additional
condition.

(H) For all x,y ∈ Fix(f), there exists z ∈ X such that α(z, x) > 1 and α(z,y) > 1.

Theorem 1.6. Adding to the hypotheses of Theorem 1.5 the condition (H), one obtains the uniqueness of the fixed
point.

In this paper, we propose a new notion, α-ψ-contractive type mappings using rational expressions.
We investigate the existence and uniqueness of fixed points for such mappings that enable us to extend
many known results in the literature. More precisely, our main result unifies the fixed point results in
the setting of partially ordered metric spaces, in the context of cyclic mappings, besides the standard
metric space, by choosing the auxiliary function α(x,y). Additionally, we consider an example and an
application to illustrate the main results.

2. Main results

We start this section by introducing the concept of α-ψ-K-mappings.

Definition 2.1. Let (X,d) be a metric space and f : X −→ X be a given mapping. We say that f is α-ψ-K-
mapping if there exist two functions α : X× X −→ [0,∞) and ψ ∈ Ψ such that for all x,y ∈ X, x 6= y, we
have

α(x,y)d(f(x), f(y)) 6 ψ(K(x,y)), (2.1)

where

K(x,y) =max
{
d(x,y),

d(x, f(x)) + d(y, f(y))
2

,
d(x, f(y)) + d(y, f(x))

2
,

d(x, f(x))d(y, f(y))
d(x,y)

,
d(y, f(y))[1 + d(x, f(x))]

[1 + d(x,y)]

}
.
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Remark 2.2. Every α-ψ-contractive mapping is α-ψ-K-mapping.

Theorem 2.3. Let (X,d) be a complete metric space. Suppose that f : X −→ X is α-ψ-K-mapping satisfying the
following conditions:

(i) f is α-admissible;

(ii) there exists x0 ∈ X such that α(x0, f(x0)) > 1;

(iii) f is continuous.

Then there exists u ∈ X such that f(u) = u.

Proof. From condition (ii) there exists x0 ∈ X such that α(x0, f(x0)) > 1. Define the sequence {xn} in X by
xn+1 = f(xn) = fxn for all n ∈ N0. If xn0 = xn0+1 for some n0 ∈ N0, then u = xn0 is a fixed point of f.
Assume that xn 6= xn+1 for all n ∈N0. By condition (i), we derive that

α(x0, x1) = α(x0, f(x0)) > 1 =⇒ α(f(x0), f(x1)) = α(x1, x2) > 1.

By induction, we get
α(xn, xn+1) > 1, ∀n ∈N0. (2.2)

From (2.1) and (2.2), we infer that for all n ∈N0,

d(xn+1, xn+2) = d(f(xn), f(xn+1)) 6 α(xn, xn+1)d(f(xn), f(xn+1)) 6 ψ(K(xn, xn+1)). (2.3)

On the other hand, we have

K(xn, xn+1) = max{d(xn, xn+1),
d(xn, f(xn)) + d(xn+1, f(xn+1))

2
,

d(xn, f(xn+1)) + d(xn+1, f(xn))
2

,
d(xn, f(xn))d(xn+1, f(xn+1))

d(xn, xn+1)
,

d(xn, f(xn))[1 + d(xn+1, f(xn+1))]

[1 + d(xn, xn+1)]
}

= max{d(xn, xn+1),
d(xn, xn+1) + d(xn+1, xn+2)

2
,
d(xn, xn+2) + d(xn+1, xn+1)

2
,

d(xn, xn+1)d(xn+1, xn+2)

d(xn, xn+1)
,
d(xn, xn+1)[1 + d(xn, xn+1)]

[1 + d(xn, xn+1)]
}

= max{d(xn, xn+1),
d(xn, xn+1) + d(xn+1, xn+2)

2
,
d(xn, xn+2)

2
,d(xn, xn+1)}

= max{d(xn, xn+1),
d(xn, xn+1) + d(xn+1, xn+2)

2
,d(xn, xn+1)}

= max{d(xn, xn+1),d(xn+1, xn+2)}.

(2.4)

Thus (2.3) and (2.4) together with the fact that ψ is nondecreasing give that

d(xn, xn+1)) 6 ψ(max{d(xn, xn+1),d(xn, xn+1)}). (2.5)

If for some n ∈N0, we have d(xn, xn+1) 6 d(xn+1, xn+2), from (2.5), we obtain that

d(xn+1, xn+2) 6 ψ(d(xn+1, xn+2)) < d(xn+1, xn+2),

which is a contradiction. Thus, for all n ∈N0, we have

max{(d(xn, xn+1),d(xn+1, xn+2)} = d(xn, xn+1). (2.6)
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Using (2.5) and (2.6), we get that

d(xn+1, xn+2) 6 ψ(d(xn, xn+1)).

By induction, we obtain that for all n ∈N0,

d(xn, xn+1) 6 ψ
n(d(x0, x1)).

Using the triangular inequality, for all k > 1, it follows that

d(xn, xn+k) 6 d(xn, xn+1) + · · ·+ d(xn+k−1, xn+k)

6
n+k−1∑
p=n

ψpd(x0, x1)

6
+∞∑
p=n

ψp(d(x0, x1)) −→ 0 as n −→∞.

This shows that {xn} is a Cauchy sequence in (X,d). Since (X,d) is complete, there exists u ∈ X such that

lim
n−→+∞d(xn,u) = 0. (2.7)

On the other hand, since f is continuous, then

lim
n−→+∞d(xn+1, f(u)) = lim

n−→+∞d(f(xn), f(u)) = 0. (2.8)

From (2.7) and (2.8) and the uniqueness of the limit, we deduce that u is a fixed point of f, that is,
f(u) = u.

In what follows we state an illustrative example.

Example 2.4. Let X = R be equipped with the usual metric d(x,y) = |x− y| for all x,y ∈ R. We consider
the continuous mapping f : X −→ X defined by

f(x) =


2x−

3
2

, if x > 1,
x

2
, if 0 6 x 6 1,

0, if x < 0.

If we define the function α : X×X −→ [0,+∞[ by

α(x,y) =
{

1, if x,y ∈ [0, 1],
0, otherwise,

we observe that f is a α-ψ-K-mapping with ψ(t) =
t

2
for all t > 0. Indeed, we have

α(x,y)d(f(x), f(y)) 6
1
2
d(x,y) 6 ψ(K(x,y)), ∀x,y ∈ X, x 6= y.

On the other hand, for x0 = 1, we have α(x0, f(x0)) = α(1, f(1)) = α(1,
1
2
) = 1.

The fact that f is α-admissible is trivial. So, all the hypotheses of Theorem 2.3 are satisfied. Thus f has
a fixed point.
Remark 2.5. Note that Theorem 2.3 does not guarantee the uniqueness of the fixed point, indeed in the

above example f has two fixed points u1 = 0 and u2 =
3
2

.
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Theorem 2.6. Adding the condition (H) to the hypotheses of Theorem 2.3, one obtains that u is the unique fixed
point of f.

Proof. Suppose that v is another fixed point of f. From (H), there exists z ∈ X such that

α(z,u) > 1, α(z, v) > 1. (2.9)

Since f is α-admissible, from (2.9), we have

α(fn(z),u) > 1, α(fn(z), v) > 1, ∀n > 0. (2.10)

Define the sequence {zn} in X by zn+1 = f(zn) for all n > 0 and z0 = z and assume that d(zn,u) > 0.
From (2.10), for all n, we get

d(zn+1,u) = d(f(zn), f(u)) 6 α(zn,u)d(f(zn), f(u)) 6 ψ(K(zn,u)). (2.11)

On the other hand, we infer that

K(zn,u) = max{d(zn,u),
d(zn, zn+1)

2
,
d(zn,u) + d(u, zn+1)

2
}

= max{d(zn,u),
d(zn,u) + d(u, zn+1)

2
}

6 max{d(zn,u),d(u, zn+1)}.

Using (2.11) and the fact that ψ is nondecreasing, we infer that

d(zn+1,u) 6 ψ(max{d(zn,u),d(zn+1,u)}) (2.12)

for all n. If max{d(zn,u),d(zn+1,u)} = d(zn+1,u), from (2.12), we obtain that

d(zn+1,u) 6 ψ(d(zn+1,u)) < d(zn+1,u),

which is a contradiction. Thus we have max{d(zn,u),d(zn+1,u)} = d(zn,u), and

d(zn+1,u) 6 ψ(d(zn,u))

for all n. This implies that

d(zn,u) 6 ψn(d(z0,u)), ∀n > 0.

Letting n −→∞ in the above inequality, we conclude that

lim
n−→∞d(zn,u) = 0. (2.13)

Similarly, one can show that

lim
n−→∞d(zn, v) = 0. (2.14)

From (2.13) and (2.14), we deduce that u = v. This shows that u is the unique fixed point of f.

In the sequel, we need the following definition.

Definition 2.7. Let (X,d) be a metric space and f : X −→ X be a given mapping. We say that f is α-ψ-
K?-mapping if there exist two functions α : X× X −→ [0,∞) and ψ ∈ Ψ such that for all x,y ∈ X, we
have

α(x,y)d(f(x), f(y)) 6 ψ(K?(x,y)),

where

K?(x,y) = max{d(x,y),
d(x, f(x)) + d(y, f(y))

2
,
d(x, f(y)) + d(y, f(x))

2
,
d(y, f(y))[1 + d(x, f(x))]

2[1 + d(x,y)]
}.
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In the next theorem, we will establish a fixed point result for α-ψ-K?-mappings without the hypothesis
of continuity.

Theorem 2.8. Let (X,d) be a complete metric space. Suppose that f : X −→ X is α-ψ-K?-mapping satisfying the
following conditions:

(i) f is α admissible;

(ii) there exists x0 ∈ X such that α(x0, f(x0)) > 1;

(iii) If {xn} is a sequence in X such that α(xn−1, xn) > 1 for all n and xn −→ x ∈ X as n −→ ∞, then there
exists a subsequence {xn(k)} such that α(xn(k), x) > 1 for all k.

Then there exists u ∈ X such that f(u) = u.

Proof. Following the proof of Theorem 2.3, we know that the sequence {xn} defined by xn+1 = f(xn) for
all n > 0, converges for some u ∈ X. Arguing as in (2.2) and using condition (iii), we obtain the existence
of a subsequence {xn(k)} of {xn} such that α(xn(k),u) > 1 for all k. Thus,

d(xn(k)+1, f(u)) = d(f(xn(k)), f(u)) 6 α(xn(k),u)d(f(xn(k)), f(u)) 6 ψ(K
?(xn(k),u)). (2.15)

On the other hand, we have

K?(xn(k),u) = max{d(xn(k),u),
d(xn(k), xn(k)+1) + d(u, f(u))

2
,
d(xn(k), f(u)) + d(u, xn(k)+1)

2
,

d(u, f(u))(1 + d(xn(k), xn(k)+1))

2[1 + d(xn(k),u)]
}.

Letting k −→∞ in the above inequality, we obtain that

lim
n−→∞K?(xn(k),u) =

d(u, f(u))
2

. (2.16)

Suppose that d(u, f(u)) > 0. From (2.16), for k large enough, we have K?(xn(k),u) > 0, which implies that
ψ(K?(xn(k),u)) < K?(xn(k),u). Thus, from (2.15), we get that

d(xn(k)+1, f(u)) < K?(xn(k),u).

Letting k −→ +∞ in the above inequality and using (2.16), we obtain that

d(u, f(u)) 6
d(u, f(u))

2
,

which is a contradiction. Thus we have necessarily d(u, f(u)) = 0, that is, u = f(u).

Theorem 2.9. Adding condition (H) to the hypotheses of Theorem 2.8, one obtains that u is the unique fixed point
of f.

Proof. Following the lines in the proof of Theorem 2.6, one can easily derive the desired results. We skip
the details to avoid repetition.

3. Immediate consequences

Before listing the consequences of our main result, we mention the recent trend in fixed point theory. In
the last decades, the analogs of Banach contraction mapping principle were observed in various different
abstract spaces and setting, like in partially ordered set endowed with metric, and cyclic mapping. In
this section, we shall show that we unify these trends by using auxiliary function α(x,y). As we shall



E. Karapınar, A. Dehici, N. Redjel, J. Nonlinear Sci. Appl., 10 (2017), 1569–1581 1575

show below, by choosing α(x,y) in a suitable way, we get the same fixed point results in various aspects
(in the context of metric space, in the frame of partially ordered metric space and in the setting of cyclic
mapping).

In this section, by taking α(x,y) = 1 in Theorem 2.6, we can obtain many known fixed point theorems
as particular cases of our general framework.

We have as first result in this direction the following corollary.

Corollary 3.1. Let (X,d) be a complete metric space and f : X −→ X be a given continuous mapping. Assume that
there exists ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(K(x,y)), ∀(x,y) ∈ X×X, x 6= y.

Then f has a unique fixed point.

Corollary 3.2 (see Banach’s contraction principle [4]). Let (X,d) be a complete metric space and f : X −→ X be
a given mapping. Assume that there exists λ ∈ (0, 1) such that for all x,y ∈ X, we have

d(f(x), f(y)) 6 λd(x,y).

Then f has a unique fixed point.

Corollary 3.3 ([6]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that there
exists ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(d(x,y)), ∀(x,y) ∈ X×X.

Then f has a unique fixed point.

Corollary 3.4 ([14]). Let (X,d) be a complete metric space and f : X −→ X be a given continuous mapping.
Assume that there exists λ1, λ2 ∈ (0, 1) with λ1 + λ2 < 1 such that for all x,y ∈ X, x 6= y, we have

d(f(x), f(y)) 6 λ1d(x,y) + λ2
d(y, f(y))d(x, f(x))

d(x,y)
.

Then f has a unique fixed point.

Corollary 3.5 ([11]). Let (X,d) be a complete metric space and f : X −→ X be a given continuous mapping.

Assume that there exists λ ∈ (0,
1
3
) such that for all x,y ∈ X, x 6= y, we have

d(f(x), f(y)) 6 λ
(
d(x,y) +

d(y, f(y))d(x, f(x))
d(x,y)

+
d(y, f(y))(1 + d(x, f(x))

1 + d(x,y)

)
.

Then f has a unique fixed point.

Corollary 3.6. Let (X,d) be a complete metric space and f : X −→ X be a given continuous mapping. Assume that
there exist constants A,B,C,D,E > 0 with A+ 2B+ 2C+D+ E ∈ (0, 1) such that

d(f(x), f(y)) 6 Ad(x,y) +B[d(x, f(x)) + d(y, f(y))] +C[d(x, f(y)) + d(y, f(x))]

+D
d(x, f(x))d(y, f(y))

d(x,y)
+ E

d(y, f(y))[1 + d(x, f(x))]
1 + d(x,y)

for all (x,y) ∈ X×X, x 6= y. Then f has a unique fixed point.

By taking α(x,y) = 1 in Theorem 2.9, the following fixed point result can be deduced immediately.

Corollary 3.7. Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that there exists
ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(K?(x,y)), ∀(x,y) ∈ X×X.

Then f has a unique fixed point.
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The following fixed point theorems are immediate consequences of Corollary 3.7.

Corollary 3.8 ([19]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that there
exists ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(M(x,y)), ∀(x,y) ∈ X×X,

where

M(x,y) =max
{
d(x,y),

d(x, f(x)) + d(y, f(y))
2

,
d(x, f(y)) + d(y, f(x))

2

}
.

Then f has a unique fixed point.

Corollary 3.9 ([19]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Suppose that there
exists λ ∈]0, 1[ such that

d(f(x), f(y)) 6 λmax
{
d(x,y),

d(x, f(x)) + d(y, f(y))
2

,
d(x, f(y)) + d(y, f(x))

2

}
for all (x,y) ∈ X. Then f has a unique fixed point.

Corollary 3.10 ([12]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that
there exist constants A,B,C > 0 with A+ 2B+ 2C ∈ (0, 1) such that

d(f(x), f(y)) 6 Ad(x,y) +B[d(x, f(x)) + d(y, f(y))] +C[d(x, f(y)) + d(y, f(x))]

for all (x,y) ∈ X×X. Then f has a unique fixed point.

Corollary 3.11 ([15]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that

there exists λ ∈ (0,
1
2
) such that for all x,y ∈ X, we have

d(f(x), f(y)) 6 λ[d(x, f(x)) + d(y, f(y))].

Then f has a unique fixed point.

Corollary 3.12 ([8]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that there

exists λ ∈ (0,
1
2
) such that for all x,y ∈ X, we have

d(f(x), f(y)) 6 λ[d(x, f(y)) + d(y, f(x))].

Then f has a unique fixed point.

Corollary 3.13 ([10]). Let (X,d) be a complete metric space and f : X −→ X be a given mapping. Assume that

there exists λ ∈ (0,
1
2
) such that for all x,y ∈ X, we have

d(f(x), f(y)) 6 λ
(
d(x,y) +

d(y, f(y))(1 + d(x, f(x))
1 + d(x,y)

)
.

Then f has a unique fixed point.

4. Some reamers for cyclic contractive mappings

Let {Ai : i ∈N} be nonempty closed subsets of a complete metric space (X,d) and f be a self-mapping on⋃p
i=1Ai, where p > 2. The paper of Kirk et al. [20] which deals with the existence and uniqueness of the

mappings, f : Ai → Ai+1, i = 1, 2, ...,p, (Ap+1 = A1), called cyclic mappings, was a pioneer work. In this
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paper it was asserted that the authors extended Banach contraction principle by omitting the necessity of
the mappings. Following the ideas in that paper [20], a number papers have been appeared to investigate
the existence and uniqueness of cyclic mappings, see e.g. [1, 16–18, 23]. In this section, we shall illustrate
that several fixed point results in the setting of cyclic mappings can be listed as consequences of Theorem
2.9.

Before listing the consequences of our results in the framework of ”cyclic mapping”, we mention that
the fixed point of a self-mapping f, with respect to the construction above, should lie in the intersection
of
⋃p

i=1Ai. In other words, the contractive conditions for cyclic mappings necessarily imply that the
intersection of {Ai : i ∈N}, more precisely,

⋂p
i=1Ai, is non-empty.

Now, we shall list some consequences of our main results.

Corollary 4.1. Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be a given

mapping, where Y = A1 ∪A2. Suppose that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a function ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(K?(x,y)), ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Proof. The proof can be obtained by the same techniques given in the proof of Corollary 3.18 in [19].

As consequences of Corollary 4.1, we have the following fixed point results.

Corollary 4.2 ([19]). Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be

a given mapping, where Y = A1 ∪A2. Suppose that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a function ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(M(x,y)), ∀(x,y) ∈ A1 ×A2,

where

M(x,y) =max
{
d(x,y),

d(x, f(x)) + d(y, f(y))
2

,
d(x, f(y)) + d(y, f(x))

2

}
.

Then f has a unique fixed point that belongs to A1 ∩A2.

Corollary 4.3 ([21]). Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be

a given mapping, where Y = A1 ∪A2. Suppose that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a function ψ ∈ Ψ such that

d(f(x), f(y)) 6 ψ(d(x,y)), ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Corollary 4.4 ([20]). Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be

a given mapping, where Y = A1 ∪A2. Suppose that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;
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(ii) there exists a constant λ ∈ (0, 1) such that

d(f(x), f(y)) 6 λd(x,y), ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Corollary 4.5. Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be a given

mapping, where Y = A1 ∪A2. Assume that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a constant λ ∈ (0,
1
2
) such that

d(f(x), f(y)) 6 λ[d(x, f(x)) + d(y, f(y)], ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Corollary 4.6. Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be a given

mapping, where Y = A1 ∪A2. Assume that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a constant λ ∈ (0,
1
2
) such that

d(f(x), f(y)) 6 λ[d(x, f(y)) + d(y, f(x)], ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Corollary 4.7. Let {Ai}
2
i=1 be nonempty closed subsets of a complete metric space (X,d) and f : Y −→ Y be a given

mapping, where Y = A1 ∪A2. Assume that the following conditions hold

(i) f(A1) ⊆ A2 and f(A2) ⊆ A1;

(ii) there exists a constant λ ∈ (0,
1
2
) such that

d(f(x), f(y)) 6 λ
(
d(x,y) +

d(y, f(y))[1 + d(x, f(x))]
1 + d(x,y)

)
, ∀(x,y) ∈ A1 ×A2.

Then f has a unique fixed point that belongs to A1 ∩A2.

Definition 4.8. Let (X,�) be a partially ordered set and T : X → X be a given mapping. We say that T is
nondecreasing with respect to � if

x,y ∈ X, x � y =⇒ Tx � Ty.

Definition 4.9. Let (X,�) be a partially ordered set. A sequence {xn} ⊂ X is said to be nondecreasing with
respect to � if xn � xn+1 for all n.

Definition 4.10. Let (X,�) be a partially ordered set and d be a metric on X. We say that (X,�,d) is
regular if for every nondecreasing sequence {xn} ⊂ X such that xn → x ∈ X as n → ∞, there exists a
subsequence {xn(k)} of {xn} such that xn(k) � x for all k.

We have the following result.

Corollary 4.11. Let (X,�) be a partially ordered set and d be a metric on X such that (X,d) is complete. Let
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f : X→ X be a nondecreasing mapping with respect to � and satisfies the following inequality:

α(x,y)d(f(x), f(y)) 6 ψ(K(x,y))

for all x,y ∈ X with x � y, where

K(x,y) =max{d(x,y),
d(x, f(x)) + d(y, f(y))

2
,
d(x, f(y)) + d(y, f(x))

2
,

d(x, f(x))d(y, f(y))
d(x,y)

,
d(y, f(y))[1 + d(x, f(x))]

[1 + d(x,y)]
},

and ψ ∈ Ψ. Suppose also that the following conditions hold:

(i) there exists x0 ∈ X such that x0 � fx0;

(ii) f is continuous or (X,�,d) is regular.

Then f has a fixed point. Moreover, if for all x,y ∈ X there exists z ∈ X such that x � z and y � z, we have the
uniqueness of the fixed point.

Proof. The proof follows easily from the following: define a mapping α : X×X→ [0,∞) by

α(x,y) =
{

1, if x � y or x � y,
0, otherwise.

We skip the details that can be found in, e.g., [19, 24].

Remark 4.12. As a final note, we should mention that the listed corollaries above are not complete. One
can observe some more corollaries. For example, one can get the analogs of the listed results above in a
partially ordered set by choosing α(x,y) in a proper way like in the corollaries above.

5. An application

Example 5.1. Consider the following two-point boundary value problem of second order differential
equations:  −

d2x

dt2 = f(t, x(t)), t ∈ [0, 1],

x(0) = x(1) = 0,
(5.1)

where f : [0, 1]×R −→ [0,+∞[ is a continuous decreasing function with respect to the second variable
and satisfying

(i) for all t ∈ [0, 1] and x1, x2 ∈ R with x1 6 x2, we have

|f(t, x1) − f(t, x2)| 6 8ψ(|x1 − x2|),

where ψ ∈ Ψ.

Let C([0, 1]) be the space of all continuous functions defined on [0, 1]. It is known that this space equipped
with the metric d(x1, x2) = ‖x1 − x2‖∞ = max

t∈[0,1]
|x1(t) − x2(t)| is a complete metric space.

We define the Green function associated to (5.1) by

G(s1, s2) =

{
s1(1 − s2), 0 6 s1 6 s2 6 1,
s2(1 − s1), 0 6 s2 6 s1 6 1.

Assume that there exists x0 ∈ C([0, 1]) such that for all t ∈ [0, 1], we have
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(ii) x0(t) 6
∫t

0
G(s1, s2)f(s2, x0(s2))ds2.

If (i) and (ii) are satisfied, then the problem (5.1) has a unique solution x? ∈ C2([0, 1]).

Proof. It is easy to see that x? ∈ C([0, 1]) is a unique solution of (5.1) if and only if x? is the unique fixed
point of the mapping T : C([0, 1] −→ C([0, 1] defined by

Tx(t) =

∫ 1

0
G(s1, s2)f(s2, x(s2))ds2, ∀t ∈ [0, 1].

If we define the function α : C([0, 1])×C([0, 1]) −→ [0,+∞[ by

α(x,y) =
{

1, if y(t) > x(t),
0, otherwise,

thus, T is α-ψ-K?-mapping since for all x1, x2 ∈ C([0, 1]), we have α(x1, x2)‖T(x1) − T(x2)‖∞ 6 ψ(‖x1 −
x2‖∞) 6 ψ(K?(x1, x2)) (see Theorem 4.1 in [24]). Moreover, the condition (H) is satisfied by taking z =
min{x,y}, x,y ∈ C([0, 1]. By applying Theorem 2.9, we get the desired result.
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